Quantum entanglement is a critical resource for quantum information and quantum computation. However, entanglement of a quantum system is subjected to change due to the interaction with the environment. One typical result of the interaction is the amplitude damping that usually results in the reduction of the entanglement. Here we propose a protocol to protecting quantum entanglement from the amplitude damping by applying Hadamard and CNOT gates. As opposed to some recently studied methods, the scheme presented here does not require weak measurement and therefore can recover the entanglement faster. We also propose a possible experimental implementation based on linear optical system. In addition, we also discuss an extended scheme to improve the entanglement protection.
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I. INTRODUCTION
A quantum state is subjected to change due to the interaction with the environment. Amplitude damping is a typical result of this interaction and it usually causes decoherence of the quantum system. Several methods have been suggested for protecting the quantum coherence and quantum entanglement, such as quantum error correcting codes [1] [2] [3] [4] , decoherence-free subspace [5, 6] and quantum Zeno effect [7, 8] . Recently, it is shown that weak measurement together with bit flip can also recover the quantum state [9, 10] . Another way to restore a qubit state by amplitude damping is using Hadamard and CNOT gates with auxiliary qubits in the weak measurement [11] . The advantage of this scheme is that no weak measurement is required in the reversal process and the time for reversal can be shorter.
Quantum entanglement, which is a critical resource of the quantum information and quantum computation, also decreases due to the amplitude damping. Weak measurement together with bit flip to protect the quantum entanglement was first shown by Sun et. al [12] . The decoherence can be largely suppressed by uncollapsing the quantum state toward ground state before the amplitude damping [15] . These ideas were recently implemented in a proof-of-principle experiment [14] . In this paper, we show that, following the approach presented in [11] , an arbitrary two-qubit pure state under amplitude damping in a weak measurement can also be completely recovered using Hadamard and CNOT gates. Furthermore, even without weak measurement quantum entanglement of a two-qubit system under amplitude damping can also be partially protected using this technique. We also propose a proof-of-principle experiment for this scheme based on linear optics system. Besides, we can extend our scheme to suppress the decoherence even better by preparing the quantum state of the system toward the ground state. This paper is organized as follows: In section II we show that in a weak measurement a pure two-qubit state can be recovered by using Hadamard and CNOT gates. In section III we discuss how to protect the quantum entanglement between two qubits using Hadamard and CNOT gates. In section IV we propose a linear optical experiment. The extended scheme is discussed in Section V. Finally we summarize the result.
II. TWO-QUBIT STATE RECOVERY IN A WEAK MEASURMENT
Different from a typical quantum measurement, complete collapse to an eigenstate does not occur in a weak measurement [15] . An example of the weak measurement is the leakage of the field inside a cavity. Suppose that the quantum state of a field in cavity is a supperposition of zero and one photon, i.e. |ψ = α|0 + β|1 with |α| 2 + |β| 2 = 1. Assume that an ideal detector is placed outside the cavity. If the detector registers a click, the quantum state of the field collapses to |1 . While if no click happens, the quantum state does not collapse but is reduced to |ψ(τ ) = (α|0 + β exp(−Γτ )|1 )/ |α| 2 + |β| 2 exp(−2Γτ ) where Γ is the cavity decay rate. The amplitude of the one photon state is damped.
More generally, an amplitude damping can be described by the following mapping [16] :
where p ∈ [0, 1] is the possibility of decaying of the excited state, and S (E) denotes the system (environment). Within the Weisskopf-Wigner approximation, the probability of finding the atom in the excited state decreases exponentially with time and we have
(Color online) Circuit diagram for the reversal of the weak measurement and the quantum entanglement protection using Hadamard and CNOT gates.
In a weak measurement, if a detector gets a null-result, we have the following mapping:
Similarly, when a two-qubit pure state ( ψ i = α|00 + β|01 +γ|10 +δ|11 ) undergoes amplitude damping and a null-result for the weak measurement, the system evolves to
To recover the damped quantum state back to the initial quantum state, we use the circuit diagram shown in Fig. 1 . Two auxiliary qubits are needed in this scheme. Initially, these two ancillas are both in the |0 state. First we apply a Hadamard gate with angle θ for each ancilla
Then two CNOT gates are separately applied to each pair of the system qubit and the ancilla qubit. The system qubits are the controlled qubits while the ancilla qubits are the target qubits. The state of the combined system evolves as:
where we have neglected the normalization factor N 1 . If θ is chosen to be tan
After the CNOT gates, we make a measurement on the ancilla qubits. From Eq. (9), we can see that if we get |00 result, the state of the system recovers back to the initial state exactly. The success probability is
2 which decreases with p. If we get |11 result, we just repeat the same procedure but with θ = tan −1 (1/1 − p). If we get |01 or |10 for the ancilla qubit, we just repeat the same procedure on one qubit and with θ = tan −1 (1/1 − p). For example, if we get |01 for the ancilla qubit, the system becomes α|00 + β(1 − p)|01 + γ|10 + δ(1 − p)|11 . This state can be interpreted as if the first qubit has not decayed while the second qubit has a decay rate 2Γ. In this case we add another ancilla for the second qubit. Repeating the same procedure for the ancilla and the second qubit, the state of the combined system evolves to
We can see that the state of the system can also be recovered if the state of ancilla qubit is measured to be |0 . If we get |1 on the ancilla qubit, the effective decay rate is double and we can repeat the same procedure but with θ = tan
. Repeating the same procedure again and again we can always recover the quantum state in principle.
III. TWO-QUBIT ENTANGLEMENT PROTECTION WITHOUT WEAK MEASUREMENT
In the previous section, we showed how to recover a quantum state in a weak measurement. In this section we show that using similar technique we can protect twoqubit entanglement when the two-qubit system undergoes amplitude damping but without a weak measurement.
As discussed in the last section, a general two-qubit pure state is given by ψ = α|00 + β|01 + γ|10 + δ|11 . The concurrence of this state is C i = max{0, 2|αδ − βγ|}. We assume that the environment is in the ground state |0 . The evolution of the combined system with amplitude damping is given by
On tracing out the environment we obtain the density matrix for the system and from which we can get the concurrence
. This concurrence is less than the initial value and decreases with an increasing p. This indicates that the entanglement of the system decreases due to the amplitude damping.
To protect the entanglement, we add two ancilla qubits which are initially in the |00 state and follow the same procedure as in the previous section. We measure the final state of the ancilla qubit. There are four possible outcomes. If the result is |00 , we obtain the density matrix of the system to be (after tracing out the environment).
where
We note that this result is identical to the result as obtained via weak measurement reversal [12] . The probability to get this result is
2 . The concurrence of the final state is given by
Comparing the concurrences C d (p) and C r (p), we find the following features:
1. If |αδ − βγ| < |δ| 2 , the entanglement vanishes at p = |αδ − βγ|/δ 2 both for the damping state and the recovered state and this is called entanglement sudden death(ESD) [18] . Beyond the ESD point, the state of the system is separable and the entanglement can not be recovered in this simple scheme (Fig. 2a) . However, we will show in section V that the entanglement of the system beyond the ESD point can also be recovered by simply extending this scheme.
2. If |α| ≥ |δ|, the final concurrence is always larger than the damping concurrence. Thus in this case the entanglement can always be partially protected (Fig. 2a) . 3. If α < δ, the final concurrence is higher than the damped concurrence only for
Otherwise, the concurrence decreases (Fig. 2b) . However, in the extended scheme shown in section V we can always choose suitable parameters such that the concurrence always increases for all p values.
If the ancilla qubits are not in |00 state, we can do additional procedures as discussed in the previous section. For example, if the ancilla qubits are in the |01 , we add an additional ancilla which is in |0 state. After applying a Hadamard gate on the ancilla qubit, we apply a CNOT gate on the second qubit and the ancilla qubit. If the ancilla qubit is measured to be in |0 , we find that the density matrix of the system after tracing out the environment is the same as Eq. (12) . Therefore even if we do not get |00 result, additional procedure can be applied to protect the quantum entanglement.
IV. IMPLEMENTATION WITH LINEAR OPTICS
A possible experimental scheme with linear optics system is discussed in this section. The experimental setup includes three parts: entangled state generation, amplitude damping simulation and recovering operations. The setup for entangled state generation and the amplitude damping simulation are the same as that in the weak measurement reversal scheme [12, 14] . We briefly describe these two parts. The polarization-entangled photon pair can be generated by two adjacent type-I crystals and the outcome state is given by
where H is the horizontal polarization which is denoted as |0 state, while V is the vertical polarization which is denoted as |1 state. Here α and β are two complex number and their values can be controlled by a half-waveplate (HWP) and a tilted quarter-wave plate (QWP) before the crystals. We can also use a HWP to rotate one of the photons or use a type-II phase matching to generate entangled photons with orthogonal polarizations:
The two entangled qubits are then spatially separated and each qubit goes through a displaced-Sagnac interferometer that simulate the amplitude damping. The H photon travels along the solid line (path 0) while the V photon travels along the dashed line (path 1). There is a HWP with angle θ d in the path 1 which rotates the V state to a superposition of H state and V state, i.e., |V → cos θ d |V + sin θ d |H . This is equivalent to an amplitude damping with √ p = sin θ d . While the HWPC with angle 0 in the path 0 does not rotate the polarization and it is just used to compensate the optical path difference. Then the photon in path 0 and path 1 are combined through PBS2 and the resulting state is given by Eq. (11).
For the recovering parts, we need to apply two Hadamard gates for the two ancilla qubits (a1, a2) and two CNOT gates. The system qubits are the controlled qubits while the two ancilla qubits (a1, a2) are the target qubits. Initially, both a1 and a2 are in the horizontal polarizations. The Hadamard gates are implemented by HWP with angle θ r = cot −1 (cos θ d ). After the Hadamard gates the ancilla qubits are in a suppersposition state. Then CNOT gates need to be applied for each pair of system qubit and the ancilla qubit. Several methods for CNOT gates based on linear optics systems have also been discussed [19] [20] [21] [22] . Here we propose to use the scheme discussed by Pittman et. al. [22] where only one auxiliary qubit is needed for each CNOT gate. Initially both auxiliary qubits A1 and A2 are in the horizontal polarization. After passing through a HWP, the states of A1 and A2 become a superposition state 1/ √ 2(|H + |V ). The system qubits and the auxiliary qubits A1 and A2 interfere at the polarizing beam splitter PBS3 where H photon will be transmitted while the V photon will be reflected. Then they interfere with the ancilla qubits (a1, a2) in the PBS4 which is a polarizing beam splitter with basis rotated by 45 o , i.e., |F = 1/ √ 2(|H + |V ) photon will transmit while |S = 1/ √ 2(|V −|H ) photon will be reflected. After the PBS4, single photon detectors DA1 and DA2 are used to measure the output states of A1 and A2. A horizontal polarizer P1 is placed in front the detectors and if we detect one and only one photon with horizontal polarization in both DA1 and DA2, then the probabilistic CNOT gate is successful. The success probability is 1/8. If at the same time both single photon detectors Da1 and Da2 detect one and only one photon with horizontal polarization (|00 a ), we keep the result from the detectors DS1 and DS2. We repeat the same procedure by changing the polarizations of polarizer P3 we can carry out the quantum state tomography from which we can calculate the concurrence. We can then compare this concurrence with the damped concurrence.
V. EXTENDED SCHEME
Here we discuss how we can improve the result by extending the previous scheme (Fig. 4) . Before the system qubits undergoing amplitude damping, we apply the same quantum circuit as the recovery part to prepare the system in a more robust quantum state. If the ancilla qubits are measured to be |00 , the preparation is successful, otherwise we should discard the result. After the preparation the system undergoes decoherence. Finally, we do the same recovery procedure as previous sections to restore the quantum state and quantum entanglement.
To show how this improved scheme can give a better recovery, we consider, for simplicity, the initial state of the system to be
where |α| 2 + |δ| 2 = 1. After the preparation step, the state of the system becomes
where N 1 = |α| 2 + |δ| 2 x 2 and x = tan θ 1 (θ 1 is the rotation angle of the Hardamard gate in the preparation procedure). The success probability is N 2 1 cos 4 θ 1 . If θ 1 is chosen such that x is less than 1, the system uncollapses toward the ground state which has the similar effect as weak measurement [14, 15] . The ground state is uncoupled to the environment and is less vulnerable to decoherence. Different from the weak measurement scheme [15] , here we do not need to wait for the null-result weak measurement.
After preparing the system in the state shown in Eq. (18), the system undergoes the amplitude damping and the recovery procedure. We measure the state of the ancilla qubits and if we get |00 result, the density matrix of the system becomes
2 is the normalization factor, y = tan 2 θ 2 (θ 2 is the rotation angle of
(Color online) Improved scheme to protect the quantum entanglement without weak measurement.
the Hardamard gate in the recovery procedure). We can choose the parameter such that x(1 − p)y = 1, and the concurrence of the final quantum state is given by
Comparing this concurrence with previous concurrence Eq. (13) and the damped concurrence C d (p), we find several new features. First, when x = 1 the new concurrence return back to the result of the previous scheme. Second, for arbitrary initial state if x is small enough C r (p) here can be always larger than C d (p) for arbitrary p. This is different from the scheme discussed in the last section where there are always some states for which the concurrence can not be improved. Third, if x is less than 1, the recovered concurrence can be nonzero even if the damped concurrence is zero. This means that the quantum entanglement can also be partially recovered even beyond the ESD point, which never happens in the previous simple scheme. In the limit that x → 0, the concurrence is max{0, 2|αδ|} which is the concurrence of the initial state, i.e., the damped quantum state is recovered back to the initial state. However, we should note that in this case the success probability approaches zero. Therefore there is a tradeoff between the success probability and the entanglement protection. One example is shown in Fig. 5a . We can also calculate the state fidelity between the final state and the initial state which is given by
The fidelity increases as x decreases which we can see from Fig. 5b . The quantum state can be well recovered in the extended scheme. From Eq. (21), we find that when x = 0, F r = 1 which indicates that the quantum state is recovered back to the initial state, but again the success probability approaches zero.
VI. SUMMARY
In summary, we show that arbitrary two-qubit pure state under amplitude damping in a weak measurement can be recovered by using Hadamard and CNOT gates. If a two-qubit system is undergoing amplitude damping but without weak measurement, using similar technique we also show that quantum entanglement can be partially protected. A proof-of-principle experiment for protecting quantum entanglement in the linear optics system is also discussed. Using the same quantum circuit diagram we can prepare the system in a more robust state which is less subjected to decoherence and the quantum entanglement can be much better recovered. Even the quantum state beyond the ESD point can also be partially recovered. 
